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OF THERMOPIEZOELECTRIC CRYSTAL PLATES

R. D. MINDLIN
Department of Civil Engineering, Columbia University, New York 10027, U.S.A,

(Received 1 November 1973)

Abstract—A system of two-dimensional equations is derived for high frequency motions of
crystal plates accounting for coupling of mechanical, electrical and thermal fields.

1. INTRODUCTION

In a recent paper [1], a system of two-dimensional equations, somewhat simpler in form than
previous ones, was derived for problems of vibrations of crystal plates in which there is
coupling between elastic and electric fields at frequencies as high as those of the fundamental
thickness—shear modes. In the present paper, the equations are extended to accommodate
coupling with a thermal field. There are already available the plate-equations derived by
Tasi and Herrmann [2], which include coupling of elastic and thermal fields, but a different
method for treating the thermal field is employed here in order to deal with all three fields
in the same way as in [1]. The mechanical displacement, electric potential and temperature
change are all expanded in power series of the thickness-coordinate of the plate. The ex-
pansions are inserted in an integral energy-equation including a dissipation function instead
of in a variational principle with an adjoint field to receive the dissipated energy. The energy-
equation is analogous to Biot’s [3] variational principle for the equations of thermoelasticity.

Following the substitution of the series expressions in the integral equation of energy
balance, the integration with respect to the thickness coordinate is performed and two-
dimensional equations of order n, analogous to the three-dimensional equations, are ex-
tracted. This is followed by discard of variables and equations of the second and higher
orders and the usual adjustments of the remaining members. Finally, a uniqueness theorem,
analogous to Weiner’s [4] for the thermoelastic case, is devised to establish various face-
and edge-conditions sufficient to assure unique solutions of the two-dimensional equations.

2. THREE-DIMENSIONAL, LINEAR THERMOPIEZOELECTRICITY

The equations of the classical, linear theory of thermopiezoelectricity may be grouped as
divergence, gradient and constitutive equations for the mechanical, electrical and thermal
fields:

Divergence equations
Ty, = pil;, D;,; =0, hi i =—04n ey

where T;;, D;, h;, u;, n, pand @, are, respectively, the stress, electric displacement, heat flux,
mechanical displacement, entropy density, mass density and reference temperature.
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Gradient equations
Sy =3, +u; ), Ei=-9¢,, hy=—x;6; (2)

where S;;, E;, @, k;; and 0 are, respectively, the strain, electric field, heat conduction coef-
ficient and small temperature change: || < ©,.

Constitutive equations
= 0G[0S;, D, = —0G|0E,;, = —0G/00, (3)

where G is the *“electric Gibbs function” ([5], p. 34).

Equations (1), (2) and (3) comprise the twenty-seven equations of linear thermopiezo-
electricity governing the twenty-seven dependent variables u;, T;;, Si;, D;, E;, @, h;, n, 6.
The thermodynamic potential G is related to the potential energy density U by
in which ®, =0, + 0, is the absolute temperature. Explicitly, in terms of the variables S;

E;, 8 and Mason’s [5] symbols for the material coefficients,

G = %cﬁi,s,l Skl - E;SJOE,E] s pCf@glOZ it e?jkEi S_]k - p‘SBEl e AIEJ SU 0. (4)

l]’

From (3) and (4), omitting, in the sequel, the superscripts E, S, 6 on the symbols for the
material coefficients, we find:
T;; = ¢ijut Sk — euwij Ex — 4450,
D; =e, Su+ epEx+p;0, (5)
7 = AuSu + p By + af

where « = pCE@; L.
By successive substitution, the twenty-seven equations may be reduced to five on u;, ¢
and 0:

CijirUi, 1i + €xij @ i — 44;0,i = pil;,
exijl;, jk — €; 9, + P8, =0,
Ayt j—pig +0b =05"%,;0 ;
3. ENERGY EQUATION

In a body occupying a volume V, bounded by a surface S with outward normal n, the
principle of conservation of energy, appropriate to (1), (2) and (3), can be expressed [6] in a
form analogous to Biot’s [3] variational principle for the thermoelastic case:

[ K +B+2F) v = [ (8, - 69 — 605 1) dS, (6)
1 4 M

where
t; =n;T; o =n;D,, v=mnh;, ons, (7

i.e. 1; is the surface traction, o is the surface charge and v is the normal component of the
heat ﬂux (across the surface). In the volume integral in (6), K is the kinetic energy density:

K = 3pu,u,;,
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F is the dissipation function:
F= %Kije,ig’j®(;l = _%hig,i®(;_1!

and B is Biot’s generalized free energy density [3]:

B=B(S;, D;,n) =U—@yn =G+ ED;+nb, 8)
with
T, = 0BJS;;,  E.=0B/oD;, 0 =0B/on.
Now,
B = (8BJ3S))S;; + (0B/oD;)D; + (OB/on),
=T;u;, ;— ¢ D+ 00,
=(T;uy), — Ty, :u; — ((PDi),i + Di, i@ + 0.
Hence,
fVB dv = fsn,.(T,.ja,. — oDy dS - L(T,.ja,. — D, ¢ —10) dV. )
Also,
2F = —h,0,0;' = —[(h,0),, — h; 6105,
so that
fsz dv=— fsn,. 10051 dS + fyhi,ie@g* av. (10)
Finally,
K = piigit;. (11)

Upon substituting (9), (10) and (11) in (6), we find
[ Wy s = pii it — Dy o — i + by, 1 ©51)0] 4V
14

= [0 Ty = )i, — (0D = G — (mhy — v)0O511dS = 0. (12)
S

It will be observed that the coefficients of #;, ¢ and 0, set equal to zero, give the divergence
equations (1) and the boundary values (7). This property will be employed in deriving
analogous plate-equations after expanding u;, ¢ and 0 in power series of the thickness
coordinate x, and integrating with respect to x,.

4. UNIQUENESS OF SOLUTIONS

Paralleling Weiner’s [4] uniqueness theorem for the thermoelastic case, the reverse of the
procedure leading from (6) to (12) can be employed to establish boundary conditions
sufficient to assure unique solutions of the twenty-seven equations (1-3).

Consider two sets of the twenty-seven dependent variables u;, T;;, Si;, D;, E;, @, h;, n, 0
(initially zero) distinguished by prime and double prime, each set comprising a solution of
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the twenty-seven equations. Let
* ” 1 1"
U; =u§~u£, T;;:Tij—‘Tijﬁ etc.

Since the twenty-seven equations are linear, the difference variables, uf etc. are also solu-
tions. We write the equation

U= iy = DEio* = 7 + b, 05 1)8% dv =0 (13)

which is satisfied in view of (1). By the chain rule of differentiation and the divergence
theorem (omitting the stars, temporarily):

Lnjaiajdh jV[(:rUaj),,. - Tijaj,i]dV=fsnm,.ajd5~fVT,-,u,,,-dV,
| Buioav= | (i) = Dig1av - | mbiods - | piosav.
fvhi,,-HdV= L[(hi 0);— h;0,]dV = fsn,. hi0dS — fvh,- 8, dv.

Employing (2), we have
fvﬂjaj,idV=L7}jSijdV,
fVD'i(p‘,v dv = —fVDiEidV.

[ 10,4V == [ 1,;0,0,dV = -0, [ 2Fdv.
V 1 4 14
Now,
. , . d
TS+ DiE;+ 10 = T,;Si; — D E; —nb + I (E; D; + n0).

This becomes, with (3) {the last of the twenty-seven equations)

. . oG . oG . @G d
S +DE 4+ =—8, + e E +—8 + —(E.D:
TuSU”'Dz it @SU U+(3El- x+66 +dt(EzD1+'T0)
d dB
=— (G + E;D; +n8) = —.
dt( + E;D; +n0) T
Finally,
Pﬁi’ji = dK/th
Assembling these results and inserting them in (18), we have, with the stars reinstated,
d * * % ook fyk % dkyken =1 *
—j(K +BY)dV = [ n(T}uf — Dfo* — h?6*0; )dS—-f:ZF av. (14)
dtJy s v

Now, the individual K, B and F are positive definite, by definition, and initially zero; so
that K*, B* and F*, calculated from the difference variables, have the same properties.
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Hence, if the integrand of the surface integral in (14) vanishes, K* and B* must be zero and
that is possible only if the two solutions are identical. Conditions sufficient to make the
integrand of the surface integral vanish (and, hence, conditions sufficient for a unique
solution) are the specification, at each point of S, of: one member of each of the three
products of traction and displacement components (referred to orthogonal directions
a, B, 7 at the point) T,oua, Topty, T,, u,; and either the surface charge, n; D;, or the surface
potential, ¢; and either the heat flux across the surface, n;4;, or the surface temperature
change, 6.

Various conditions arising from interactions with the exterior of ¥ may also be specified.
Of special interest, here, is the radiation condition:

nh;—k8=0, onS, (15

where k is a positive constant ranging from zero for an adiabatic boundary to infinity (i.e.
8 = 0) for an isothermal boundary. Suppose suitable boundary conditions have been speci-
fied for the mechanical and electrical fields so that (14) reduces to

droo, .
= BYYdV= —O7! | n. h*6* dS — *dv.
o jV(K +B*d 05 fsn, h¥0* dS LZF d (16)
Add O [5 k6*6* dS to each side of (16):
d
= [ (k* + B*) v+ 05" [ ko*0*ds =05 [ nih¥ — ko™)p* ds — sz* av.
dr Jy s s v

Then, since k8*0*@; ! is positive, the same argument as before yields (15) as an acceptable
boundary condition for the thermal field.

5. SERIES OF TWO-DIMENSIONAL EQUATIONS

The plate is referred to rectangular coordinates x; with the faces, of area 4, at x, = +5
and with x, and x; the coordinates in the middle plane which intersects the right cylindrical
or prismatic boundary of the plate in a curve or polygon C. We assume that u;, ¢ and 0
can be approximated by a power series in x,:

w=2 x5u”, =Y x3je™, 0= x50 (17

where u™, ™ and 6™, n =0, 1, 2 ... are functions of x;, x; and 7 only. These expansions
are to be substituted in the energy-balance equation (12) and the integrations with respect
to x, performed. By the same procedure as in [1], the volume integral in (12) becomes

g L(T}"}}i 0T + [0, —p % B,, a§m>)a§."> d4
=T [ (D= nD§=0 + [x D)o dd

=T [ (HE = nHE ™D 4 b1, + 0gi™)O5 10 da,  (18)
where
b
(TEP, D", n™, H®) = [ x3(Ty;, Dy, by dxs, (19

B, =2"""Ym +n+1, m+neven
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and B, =0 for m + n odd. Also, as in [1], the surface integral in (12) becomes the sum of
area integrals over the two faces of the plate and a line integral around the boundary C:

- Z L[(sz' - tj)x; ﬂﬁ"’ - (Dz — G)x} o — (hy —v)x3 9(")6(; l]b—b d4

b
— Z §C f b[(na T;j — tj)xg 1,'45,”) _ (na Da — a)x'ﬁ (p(n) — (na ha _ v)x; 0(::)@0— I]C dXZ ds, (20)
" -

where the index a is planar. Define

(Fj(‘n)’ S("), N(”)) = [x;(tj, o, V)]ib
b
(1P, e, ) = [ x3(1;, 0, v) dx,
—-b

and insert these in (20). Then set the sum of (18) and (20) equal to zero to obtain the two-
dimensional version of (12):

) f (T, = nTY D + F® — pY B, i™u® dd
—_ Z J’ (D(n) Dg”_l)'i‘ S(n))(p(n) dA
=¥ [ H? = nHE™) + N® + @41)8"0; ! dA
n YA

= T§ [Ty = 670 = (0, D = 6™ ~ (m, HY = v®)"@5 ' 1ds = 0. (21)

Following the argument at the end of Article 3, we extract, from (21), the divergence equa-
tions of order n:

T®, _

@ —nTS Y+ FW =pY B,,il",
m
D{") —nDY™V + S™W =0,
H®) = nHY™ + N® = — @™
and the edge-values of order n:
n, TE =1\, n, DM = g™, n,HM =v\" on C.

Proceeding, now, to the gradient equations, we substitute (17) in (2) to obtain

S; =Y xiS®,  E =Y x3E"  h=Y x}h®", (22)

where S

™, E{™ and A{” are given by the gradient equations of order n:

S = 3ul + uf™ + (n + DG ul D + 8,,ul V)],
EP = o —(n+ 1)dyue"" ", (23)
h™ = —K,-j[ef;') +(n + 1)8,,0"* V1.
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For the constitutive equations of order n we find, from (19) and (5):
TP = Y, Bun(Cija ST = €ni E™ — 2,60,

Df;”) — Z an(ejki S,(",") + &; Ei(‘m) + p; g(m)), (24)
n" = Z B, (A S + pi E{™ + af'™),

Finally, from (19) and the third of (22),
H® = =% B« [0 + (m + 1)6,,6™* ], (25)

which, when restricted to orders zero and one, is an alternative to the third of (23): the ther-
mal gradient equation of order n.

This completes the establishment of the two-dimensional, thermopiezoelectric equations
of order n.

6. TRUNCATION OF SERIES AND ADJUSTMENT

For frequencies up to those of the fundamental thickness—shear modes, the process of
truncation of the series of two-dimensional equations and adjustment of the remaining
terms begins with the discard of all the second and highgr order terms. Thus, the first of (24)

becomes
0 0 [} 1 0
Ti(j ) = Zb(cijkl Sl{cl) — ekl.jElE‘ Y A‘l’j 9( }),
1 3 1 1 \ 1 (26)
T} = 4b%(ciju SK — ew; ELV — 44,0

and (25) becomes
H{® = —2bic; (09 + 6,,0), H, = —3b%,; 0 27

l‘}' oF 2
but these are only provisional as adjustments of the type employed by Cauchy [7], Poisson
[8], Bresse [9] and Timoshenko [10] are to be made in order io compensate, in part, for the
omission of the higher order terms.

First of all, free development of the thickness-stretch strain S3%, =u$", is allowed by
setting 3% = 0 in (26). The resulting equation is solved for S5 and that expression is used
to eliminate S$3 from the remaining T}, yielding

ng,?) = 2b(5ijk1 SI((?) - ékij El(cO) - Zij 9(0)),
where
Cijkt = Cijr1 — Cij22 C2211/€2222 5 €uij = €y — Cij22€k22/C2222
‘Iij =A;j — Cijz2A22/C2222 -
Then the Bresse-Timoshenko shear-correction factors, k, and «,, are introduced by the
replacement of ¢, & and 1 by

0y _ gt v = (0) - S 0
Cijit = Kivj— 2K 1-2Ciju1s ekij)—"ﬁj—zekij’ }“xgj)=K£‘+j—2Zij (not summed),

where p and v are the powers cos®(ijn/2) and cos?(kin/2), respectively. Thus the final expres-
sion for T} is

T = 2b(c3), S — eDE® — A99©®). (28)
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In the case of the first order strains, free development of all three SS is required and
effected by setting T“’ =0 in (26) and using the resulting three equatlons to eliminate the
S4}) from the remaining 7}’ with the result:

T = 3b°(cipla Sta’ — elad E — 23000, (29)
in which the indices a, b, ¢ ... range over 1 and 3 only; the c{}); are the Voigt constants y
[11] and
1 1
ega; - ecu Sude cfzb;e ’ i(IJ) - /1 sucd Cabgd H

where the s, ;, are the elastic compliances.

It will be observed that u$" no longer appears in (28) and (29) and that displacement com-
ponent is eliminated entirely by dropping it from the kinetic energy density.

Further, following Tasi and Herrmann [2], thermal correction factors xI and x] may
be introduced by replacing the heat conduction coefficients «,;, in the expression for H{V,

from (27), by
Kap = Ko K2 KL (DOt summed).
An “electric Gibbs function’’ G that produces (28 and 29) through

T = 3G/0SLY, T\ = 0G[aSS;’ (30)
is
G = b(c{Q SOSO — &, EVEQ ~ af 9 — 2e{QEVS — 2p,0VE® — 24529)

+ 1b3(c), SIS — g ESVELD — a0 — 2¢(3) ESVSLD
— 2p, 0VED — 22D SN, (31)

Finally, we define D{®, DV, n® and 7' by
D{® = —3G/oE®, D = —dG[oE", n'» = —0GJ669, Y = —8Glo6" (32)
to serve as adjusted expressions to replace those obtained from (24).

7. RECAPITULATION

Divergence equations

T;z(JOL + F(O) 2bpu(0) T‘(l;,)a - T(Z%) + F,(,l) — %bSPail)’
D + 8@ =0, D) — D + S =0, (33)

HE, + N = —007®,  H{) — HY + N = =0, i®);

Gradient equations
SO = 3w + uf® + o u) + 55;uV], SE) = H(upl) +uas),
E® = — (¢ +520'"), EV = —o, (34)
H® = —2bic; (09 + 5,;6), HO = —2b3609;
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Constitutive equations
Tg?) — 2b(cs?k)ls(0) - ekO)E(O) /15;))9(0))’
T4 = 33 S — W ED — 2P,

D = 26(eRSE + en B + p,0°),

DY = 35(SE + 8 B + py60), 5

(0) = 2b(;’l(0)sk; + P E(O) -+ 059(0)),

(1) 2b3(/1(1) (1)+ch“)+a9“))

or
o 0G o _ 9G o_ _ 9G aw_ _ G
Ty a5’ Ta ESR =g Da = gpm
o0 w0 (35b)
a0’ a6’

where G is given by (31);

Equationst on u%, UV, ¢@, oV, 0 )

,‘,"k’z(u:‘:"?, + 8D + edOR) + 8204) = AP0 + b7 FY = pii?,

(u,wf?x +8yulld) - 85;((953) + 8,00 + pi 69 +1b7'S@ =0, (36)
A‘O)(u(o’ +6,:05) = pi(@ + 8, 0) + a0 + 16705 'N = @5 ' (05 + 8,;60)
cobla il + el 00 — 430 — 357 Sl + S uf)

fgg((‘o(?) + 8, ZQ,(I)) 1(0)9(0)] + %b 3F(1) - pu(n
eGuills = ene @ + pa 0% — 367 [eSuG) + 8,ulM) 37
- gfz(@,i D+ 8,0 + p, 091 + 367350 =0,
AP = p o' + @V — 3b7 2, (B + 6,,0) + 357305 'NY = Qg kP0G
In addition, it is convenient to define a kinetic energy density and a dissipation function:
K = pbi{Vu'® + LpbufVuf, (38)
F = b0g 'k (09 + 8, 00 + 8,,6V) + $6°Og k00D, 39)

8. UNIQUENESS AND FACE- AND EDGE-CONDITIONS

The plate equations comprise the forty-two equations (33-35) (a or b) on the forty-two

dependent variables u{?, uV, T, T4, SI2, S$, DO, DV, E®,EM, 0@, oM, HIO, gV,
J k]

79,y 91, 9, As before, we consider two sets of solutions, initially zero, identified by

pnme and double prime, and their differences

ufO% = ufO" —ul®”, etc.

t Note that the first two of (36) contain terms in @*? which were inadvertently omitted in the corresponding
equations in [1].
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which are also solutions owing to the linearity of the equations. We form the equation

[ (T2 + P = 26pitP i@ ® + (T2 = TR + FP* = 36%ii")ig "] 44
- [TBLY + $OM™ 4 (D = D + $DMp "] a4
A

_ L@Jl[(Hﬁ?Z* + NO* +®0’7(0)*)0(0)*

+ (HM* — HP* + NO* 4+ 07 V*)9V*] d4 =0, (40)

which is satisfied in view of (33). Omitting stars, temporarily, we have
[ [T9085 + (T = TEIE A = n TP + TLiD) ds
— [T + 80 + TR dA,
[ [D© @ + (D) — DL dA = fﬁC”a(D}zo)@(m + DM ds
- [ DR + 800 + BP0 d,
[ TS0 + (HL ~ H)OV dA = § ni(H0® + HDO) ds
~ [ HOOD + 5,00 + B8 dA,
Employing (34) we find
f [TO@) + 6,5 a§) + T ui]1 dA = f (TVSY + TWSW) dA,
[ DO +800) + D01 = — [ (OPE + DOED) da,
L[Hgm(ef,.m +6,00) + HV9W] dA = — f [2br, (09" + 8, 80 4 6,;0)
+ 363DeVEL] d A
- -0, JAzF dA, from (39).

Now,
. . . . _ . (yac
TOSY + THSH + DIOE® + DVED + 70 + 7o)
. . . . .
= T8O 4 TPSY) — DIVE® — DVED — 76O — ngth)

+'(%(E§°’D§°) + E‘(angl) + ,1(0)0(0) + 71“’0(”)
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_d6+g
T dr  de

= dBJdt,

(EOD + EDDY + p@g© 4 gy from (35b),

where
B=0G + E§O)D§O) +E£”D,(,1) + ,7(0)9(0) + ,1(1)9(1)

i.e. by comparison with (8), B is the plate analogue of Biot’s generalized free energy. Finally,
from (38)

2bpitfi” + 3b°pity ViV = dK[dr

Assembling all these results and inserting them in (40), the latter becomes
d ¢ o —
— | (K*+B*dA=| A¥d4 +¢ C*ds — | 2F*dA, 41
o) & +Byaa=| §cras- | @)

where
A* = Fgm*dgm* + FDOxg(D* . §O*p(0% _ SWHp* _ @ 1N @O*g0)* _ @t N(D*g*
C* = na(Tf,?)*&f;O)* F TD*GEDF _ POFGOF _ HUMk, (D%
_ @5 1H§0)*9(0)* — GEIH‘,(”*B”)*)-

As in the three-dimensional case, the individual K, B and F are positive definite by definition
and initially zero, so that K*, B* and F*, calculated from the difference-variables, have the
same properties. Hence, if A* and C* are zero, K* and B* must be zero and that is possible
only if the two solutions are identical. Conditions sufficient to make A* zero are: at each
point of the interior of the plate, specification of one member of each of the five products of
displacement and face-traction components (referred to orthogoenal directions a, f, x,):

F;G)ugﬂ), F;{O)ul(go), F(ZO)M(ZO)’ F;l)uéi), Fé\)ué\);
and one member of each of the two products of electric potential and face-charge:
@‘0)8(‘”, qp(I)S(x);
and one member of each of the two products of temperature change and thermal flux:
FON POND

Conditions sufficient to make C* zero are: at each point of the edge of the plate, specifica-
tion of one member of each of the five products of edge-displacement and edge-traction
components (referred to orthogonal directions, #, s, x,, with n the outward normal to C):

0 0 Q 0 0 [ 1 1 .
T, TOWD, TQu, T, T,
and one member of each of the two products of edge-potential and edge-charge:
4] Q .
2 DO, Pt DL

and one member of each of the two products of edge~temperature change and thermal edge—
flux:

B(O)H,io), Q”)H;”.
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To find thermal radiation conditions for the faces and edges of the plate, add

kg1 f(e(m* +x, 0% 4+ kOg ‘ (OO + x, 09%2 __, d4
YA

vAa

b
+k@g*§> f (0% 4 x, 600%)2 4y ds
CY—~b

= 2kO;! L(Q{m*@(m* + b29M*P¥) 44 4 2pkO; ! § (0O*O% 4 Lp2grixgUny g
C

to each side of (41) and note that the additional integrals are positive. The thermal terms on
the right-hand side of (41) are then

—-@5! f [(N(O)* — 2k9‘0)*)9(0’* + (N(l)* — 2kb29“)*)9‘”*] dA
4

—0;! §C[(n“ HO¥ — 2pk0O*)0@% 4 (n FO* _ 2p39(0%y(10%] g

Hence, by the usual argument, the thermal radiation conditions are
NO 2k =0, N _2%b200 =0
for the faces of the plate and
ngHY — 2b6k6 =0,  n HD — 253%0V =0

for the edge of the plate. The constant & can be different for the interior and edge of the plate
as well as different for the two faces of the plate. In the latter case, the fluxes across the two
faces have to be distinguished:

NO = NO - NO, N = N N
where
N(}_O) =[h21x2=j:ba N(j:” = [x2h2]x2:ib‘
Then, for the faces of the plate, the radiation conditions are
NO — k(09 + 50 =0, NP — k. b(0® + boV) =0,
NO 4k (0 -0y =0, ND — k_ b0 —bg") =0,

where k, and k. are the values of & for the faces x, = b and x, = —b, respectively.
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AbGcrpakT-—Paspaborana asyxMmepHas CHCTeMa YDABHEHHMI UISt BEICOKOYACTOTHBIX ABHKCHAN
KPHCTAJUTHYECKHX TUIACTHHOK, IPHHEMAIONIAN BO BHHMAHHRE B3aUMOACHCTBHC MEXAHHYCCKHX,
INMEXTPOCTATHUECKMX M TEPMUMECKHX HTOMCH.
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